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Abstract. The propagation of an electromagnetic wave in a time stationary tur-
bulent and nonlinear plasma is studied with a view to ascertaining the statistical
moments of the wavefield. We find that the functional method which was used
by Hopf in his study of ordinary turbulence is a powerful one also for turbulent
and nonlinear media. A functional differential equation is derived for the moments
of electromagnetic waves propagating in an isotropic plasma in which the dielec-
tric constant undergoes statistical fluctuations. Using the Markov and small-angle
forward-scattering approximations, we find a hierarchy of coupled partial differential
equations for the moments containing different wave numbers. An approximate per-
turbation method is devised for decoupling and solving the hierarchy to any desired
order. We draw attention to the similarity of the closure problem of the moment
equations to that in turbulence generally and in statistical mechanics. Possible ap-
plications are discussed.

1. Introduction

Electromagnetic wave propagation in miscellaneous random media has attracted much
attention [2-15]. This is due not only to the possible practical benefits but also to the
scientific richness and value of this problem. There have been several studies of wave
propagation in nonlinear media containing random inhomogeneities [12-15]. For a lin-
ear medium containing random inhomogeneities, the effects of inhomogeneities can be
taken into account formally up to an arbitrary order of accuracy by various methods.
These include the geometrical optics method [3], the method of smoothing pertur-
bation [2-5], the renormalisation-diagram technique [6] and the method of successive
scatters [5-7]. Fluctuations in the electromagnetic wave are seen as resulting from
interference between randomly modulated wavefields caused by random fluctuations
in the medium. In a nonlinear turbulent plasma random inhomogeneities and random
electromagnetic characteristics are produced by the turbulent fluctuations. The non-
linear response of the turbulent plasma must, therefore, be taken into account, and
this makes the problem considerably more complicated. Phenomena requiring this
fuller treatment include self-induced transparency, self-focusing, self-modulation and
the generation and collapse of solitary waves [16-18].

In studies of wave propagation in turbulent and nonlinear plasmas, the statisti-
cal characteristics of the wave are often needed. In order to obtain these we begin
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by defining the moments of the electromagnetic wavefield and the characteristics of
their statistical properties. The electric field of a high frequency monochromatic elec-
tromagnetic wave propagating in a turbulent and nonlinear plasma can be expressed
as

E = E,  exp[-i(wt —kr)]. (1)

If we assume that the characteristic scale length of the inhomogeneities in the
medium is much larger than the wavelength, and the inhomogeneities are weak, the
scattering produced by the inhomogeneities will always be at a small angle to the
direction of propagation [2]. Under this small-angle approximation, we can use a scalar
wave equation to describe the propagation. We will also assume that the process is a
Markov process, as been found in many experiments [3]. Under these conditions, the

m-nth moment of the wavefield is the correlation function of the wavefield, which can
be defined by

<HEJ(TJ’t HE "'I’t)> (2)

where © and v/ are the radius vectors, {-) denotes ensemble average, j and [ are
integers.

When the characteristics of the turbulent plasma are time invariant, the m-nth
moment of the field is [19]

<HE (r,,t)HE, it >=/<HE(kj,uj)HE'(k;,w;)>
I=1

i=1

n

m m n
X exp (ZkJTJ Ek;ﬁ —-i ij—wa
ji=1 I=1
;dk

j=1 1=1
x [ dw f[ dk;. (3)
j=1 =1

For the plasma to be time invariant, the coefficient of ¢ must be zero, i.e.

m

>y Yei=0 @
j=1 =1

The old method [15] of deriving the equations of the moment of the wavefield, is
to multiply the wave equation by the wavefield and its conjugates, and then take the
average. In order to treat the average terms containing fluctuating physical quantities
as well as the wavefield, it is necessary to assume that the fluctuating physical quantity
has a Gaussian distribution and then use the Donsker-Frutsu-Novikov formula [2-5,
15]. However, random fluctuations of physical quantities in a turbulent plasma are
not necessarily Gaussian. For dealing with the general case, therefore, we shall adopt
a different approach—that of the characteristic functional method initiated by Hopf
to study turbulence in fluids [1].
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In section 2 we shall derive the functional differential equation and hierachy of cou-
pled partial differential equations for moments of the wavefield with different wavenum-
bers in an isotropic, time-stationary plasma with random inhomogeneities and weak
nonlinearity. In section 3, we shall use a perturbation method to obtain an approx-
imate solution when the nonlinearity is cubic. In last section we discuss a closure
problem encountered in section 3, and the significance and possible applications of
our results.

2. The hierarchy of coupled partial differential equations of wave moments
in a turbulent and nonlinear plasma

We mentioned in the previous section that a scalar equation is adequate for describing
the propagation of high frequency electromagnetic waves in a turbulent and nonlinear
plasma. We now derive the equations for the moments of the wavefield. The hierarchy
of coupled partial differential equations for a single wavenumber in a random medium
with Gaussian statistical characteristics in addition to cubic nonlinearity were derived
by using the method of averaging {15]. However, as we have seen, a wave propagating
in a turbulent and nonlinear plasma becomes modulated and develops a finite range
of wavenumbers. Neither are the statistical characteristics of turbulent media neces-
sarily Gaussian. We shall need therefore, to use a different approach, in which the
functional method is employed to derive the complete set of the moment equations
for the wavefield with different position and different wavenumbers. No prescriptive
limitation is imposed on the statistical characteristics.

2.1. The stochastic nonlinear partial differential equation for the wave

When a high frequency electromagnetic wave is propagating in a turbulent plasma, the
electric field of the wave obeys the following stochastic nonlinear partial differential
equation [7)

V2E(r,w) + (w/c)?e(r,w,|E|)E(r,w) = 0 (5)

where 7 is the three-dimensional radius vector, w the wave angular frequency, and ¢
the relative permitivity. We shall consider ¢ to be composed of a mean value,¢,; the
local deviation averaged over the characteristic scale length of the fluctuations, €;¢g;
the local irregularity,e,e, and a nonlinear component e5¢, where

k2 (w) = (w/c)?eq(w) (6)
ler, w)) — e(w)

61(7‘,(.0) = GO(W) (7)

exfr) = “h) (8)
_ &lw, |ED

3w, |El) = Tew) (9
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Figure 1. Sketch of the linear components as a function of z, of the relative per-
meability of a turbulent and nonlinear plasma. ¢, €1 and ¢; are average, spatial
deviation and random part of the linear components of relative permeability.
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Figure 2. Sketch of the nonlinear component as a function of |E|, of the relative per-
meability of a turbulent and nonlinear plasma. The curve (i) represents the quadratic
dependence of ¢3 on |E| specified in (51b6); and (ii) the exponential dependence given
in (14).

in which 1 denotes the linear part, and n the nonlinear part. The components of the
relative permitivity of a turbulent nonlinear plasma are shown schematically in figures
1 and 2.

Using (6)—(9), equation (5) becomes
VZE(r,w) + k2(w)[l + ¢, (r,w) + &;,(r,w)] E(r,w) + k*(w)es(w, |E))E(r,w) = 0. (10)

This is a nonlinear partial differential equation with stochastic coefficients. Clearly,
€, represents fluctuations in the plasma, €; accounts for the deterministic spatial
variation, and e expresses the nonlinearity. Since the inhomogeneity is weak, and the
small angle forward scattering approximation is assumed valid, see figure 3, we can
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Figure 3. Schematic of wave propagation in a turbulent and nonlinear plasma when
the small-angle forward scattering approximation is valid. (a) is an example of linear
scattering, (b) of nonlinear scattering and scattering centres are indicated by irregular
closed surfaces. Note that the scattering centres are more extensive in the r and y
directions than along z, as is required by the forward scattering approximation to be
valid.

use the paraxial approximation. Let
E(r,w) = u(p, 2, w) exp(ik2) (11)

where r = (p, z), p is the two-dimensional radius vector. Putting this into equation
(10) and assuming that u(p, z,w) does not change significantly along z we have the
following nonlinear stochastic differential equation for u:

i0 o2 1 1 1

Eau:—mvl_u—aelu— 36U — 65(w, [E|)u (12a)

where V2 is the two-dimensional Laplacian operator. The equation can also be written
as

9
Oz

1

Skea(r,w)u + %k‘fa(w, |Eu (12b)

i
u= Q—kA?Lu +
where the operator A} is defined as
A2 =V2 + ke, (13)

The nonlinearity of the dielectric constant €5 is dependent on the strength of the elec-
tric field. If it has a quadratic dependance, equation (12b) becomes a cubic Schrodinger
equation. However if €5 is of more complex form e.g.

e3(w, |E]) = €g0[1 — exp(-alE}?)] (14)

where €3, is a small constant and o is a normalising constant, then equation (12b)

becomes an exponential nonlinear Schrodinger equation. We shall discuss the problems
of different types of nonlinearity below.
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2.2. The functional differential equation for the characteristic functional of the wave

The characteristic functional of the wavefield can be defined as

V(z,v,v*) = <exp (i /[u(p, z, k) )(p, k) + u™(p, 2, k)v*(p, k)}dpdk>> = (exp(iR))
(15)

where * denotes complex conjugation, and the range of integration is over all allowed

values of p and k. The v and v* here are independent functions of p and k. By
differentiating (15) with respect to z, we obtain

5 . i i i
o= <exp(1R)/{V [2—1];A2Lu + %ch(r,w)u + %kc3(w, IEl)u]
- [2—‘,;&111‘ + %kcf_,(r,w)u‘ + %Iceau*] }dpdk> . (16)

From (15), we have also the following functional derivatives:

¥

i{uexp(iR)) = m (17a)
and

- . o

{u* exp(iR)) = e (175)
Operating with A2 on (17a) and (17b), we have

. o

(A% uexp(iR)) = —}Ai 5 (18a)

and
. 1 o
(A% u* exp(iR)) = - A —. (18b)
1 bv*

To deal with other terms of equation (16), we define following functional

g(v, v, z,p, k) = (exp(iR)B(z, p)) (19)
where we let

Likey(r,w) + yikes(w, |E]) = Bz, p, k). (20)
By expanding exp(iR), we can write (19) as follows
g(V’V‘aZ)pvk)

o im
= 3 ([Jowwviian] | [ + 500, 600
m=0

(21)
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where @, = (P, k) Vm = V(0,), Yy = u(z,0,,) etc for m = 1,2,3,. In this we

have assumed that moments of all order exist. From equation (12a), u(z, o) can be
written as

u(z,0) = u(0,0) + /: [-Qi—kA"iu(z’, o)+ ﬂ(z’,o')u] dz’. (22)

For a Markov process u(z, &) does not depend on 3(2’, ) if 2/ > z. If we denote Az
as the increment of z, assumed larger than the correlation scale of 3(z,¢) in the 2z
direction. We then have

2

u(z,0) = u(z — Az,0) +/

e dz’ [ﬁAiu(z', o)+ B(z', o)u(7, o-)] . (23)

If Az is small, we can write u(z, o) as

u(z,0) = u(z — Az,0) + -;—k[Aﬁ_u(z - Oz, 0)Az+u(z - Az, 0)
y / B(z', o)dz’ +o(A2z2). (24)
YAV
For Az — 0, we have
Al,izr—r—lo u(z — Az,0) = u(z,0) (25)

and

(s [ o) = (Grateo) [ (Fram) o)
NIy o
= Al =)= 1 (1) [ elenlBes). (26)

In deriving the above equation, we have assumed that ¢, and €; are statistically
independent. If €5 can be expressed as

€3 = e30F (w, [u]) (27)

where €5, is a small quantity and F(w,|u|) is an analytical function, we can write
equation (26) as

<ﬁ(z,a’) /:AZ ﬂ(z’,a")dz'> = Ao — ') + o(edy) = A(o - o') (28)
ie.

(B(z,0)8(2',0')) = 8(z — ') A(o — &) (29)
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and

Ao —0o') = /(ﬁ(z, a)f(z,e'))dz’. (30)

o —

Note that, for convenience and to retain generality, we do not give an explicit form
for A(e). For higher moments

T, = <ﬂ(z,a')/ B(z,0,)do, ...ﬂ(z,o',-)do',.> i>2 (31)
z=-Az
We will assume, as in the usual derivation of the Fokker~Plank equation, that
lim T; =0 1> 2 (32)
At-+0
From equations (22), (23), (24), (29) and (31) we have following when Az — 0

(u(z, )8z, ) = {u(z,0)) Al — o') + hik{equ) (33)
(u*(z,0)p(z,0)) = —(u"(2,0))A(o — ') — Jik{egu®) (34)

and in general

((uyvy +ulv]) o (U, + unvn)B(2,0))
m
X:IA o =0 ;)((uyyy +uivy) .o (uyo gy g+ uf ooy (v = ujvy)
i=
x (u J+1y]+1 + Ui 1Y) (Ul + U Y))
+Z Sy leale, o ) +uiv) (o o) (= )
X (:tj+1vj+1 +ufpiVig) o (U, U in)) (35)
By substituting (35) into (21), we have
gy, v*,z,0) = /A(a —o') [v{uexp(iR)) — v*(u* exp(iR))] do’
+ %’C/ [v(es(w, | ElJuexp(iR)) — v*(e3(w, |E|)u” exp(iR))]da’  (36)

and putting equations (17a) and (17b) into the above, we have
. 8 5
, ‘, , = - A —_ / — LJ ’ — !
g(v,v*, z,0) 1/ (¢ —0o') [V(O’) 5 Y (o )61/‘ de
+ %k/ [v(ezuexp(iR)) — v*(eau” exp(iR))] do’. (37)

We now define an operator P(o) as follows:

P(o) = v(o) g — v (@) 5. (38)
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Using this, equation (37) can be written as
gy, v*,z,0) = —i/A(a’ - o')P¥(z,v,v")do’
+k / [v{esuexp(iR)) — v™{egu” exp(iR))] do”’. (39)

We also have

(8(z,0)u(z,0)exp(iR)) = %ég_(ué_,:{"?)z,_al (40)

and

lég(u, v, z,0)
i

(B(z,0)u*(z,0)exp(iR)) = (o) (41)

Now, using (18a), (18b) and (37), it is quite straightforward to rewrite (16) as

oW 1 1 1] - 5w ' NP ® [
o E/da; (VAié—y —-vAd 61/‘) - /da‘/da Ao — o")P(e)P(c")¥
+ %/da‘/da’k[u(eau exp(iR)) — v*(ezu” exp(iR))] . (42)

This is the differential equation for the characteristic functional ¥ of the random
electromagnetic field u(z, p) in a random and nonlinear medium, where A(e— &’) and
€5 depend on the properties of the medium. The first term on the right-hand side of
equation (42) is due to diffraction and refraction, the second term on the right-hand
side is due to scattering by random fluctuations in the medium and the third term on
the right-hand side is due to the nonlinearity of the medium. The differential-integral
functional equation (42) includes all the information about the propagation of the
wave. There is not, however, a general method of solving such equation directly. We
shall approach a solution, therefore, via the hierarchy of coupled moment equations.

2.3. The hierarchy of moment equations

We have derived the differential equation (42) for the characteristic functional of the
wavefield. We can now delineate the hierarchy of the moment equations. To achieve
this we expand ¥(z, v, v*) as earlier (e.g. (15))

U(z,v,v8) = i i ‘r::, <[/ u(z,a)u(z,a)da]m [/ u"(z,a")u‘(z,a")da']n> .

m=0n=0
(43a)
This may be written for convenience as
0 0 .min
l Ld
Y(z,v,v%) = Z Z m!n!M"‘"(z’U’V ) (43b)

m=0n=0
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where
m n
M, .(z,v,v )-/F N EN- ST S ’1,..,,og)Hujda'jHV{da§ (44)
j=1 =1
and

Ponlzioy, o0, 0,,) = (uy, - uul,. .. u). (45)

For any arbitrary function f(o) of o, it can readily be shown that the following
relations hold:

/f(a)v(a)ian(z,u,u')da'
/men z2,0,,,0,.,6,,0.)f(o Hu de; HV,"da', (46a)

* 5 *
[ 101" (@) 5oz Mo (2,1,77)de
m m n
= /Z Lon(z, 00, 00,0, 0.) f(o}) H v;de; HV,"da;. (46b)
i=1 j=t 1=1
So from (44), using (46a), (46b) and (38), we have

[ [ 4o = )81 (") My (2,0,

= [ a0, -0~ 3 3 lie; - b+ Alei - 0,)

11=1 j=11=1

Xn:A (o} ~ o) ]I‘mnﬁujdajﬁufdd. (47)
=1 I=1

I=1 i

.
L}

[\/Ja

+

1}
—-

J

We also have

6M m n
/u(a)AiTjﬂ-da = /(Af +...+ AT, H v;deo; Hu,"dcrf (48a)
j=1 =1
and
2 oM 2 2 - .
* mn *
/u (e)81 gy _/(A1 +...+A:n)anJl:[1ujdajI];[u, do!. (48b)

Using equations (43), (47), (48a) and (48b) the differential~integral functional equation
(42) can be written as
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iz Alo; — o)) + A(o] — o, ]+ZZA”—”1]

=1 j=11=1

v;do; Hu,da',
é/[}m:k: ‘Sﬁ":ﬁ“
i€

u: |§ u
“i
-
o
[]
1] 3
S
L
W::a
3
bt 3
—

j=1 j=1 =1 =1 J

v,de Hu, da,} =0. (49)

Since v{e), v*(o’) are arbitrary, the quantity inside the curly brackets in equation
(49) must be zero. Therefore we get the following differential-integral equation for
the moment of the wavefield:

For convenience we shall write

n n n

Fran=_ ) Ale;—o) =) 3 [Ale; o)+ Aloj— o)+ D > Ao}~ a)).

j=1li=1 j=1l1i=1 j=lli=1
(51)

We note that from (50) we recover equation (19a) in [15], if the nonlinearity is specified
in the same way as in [15]. As we have pointed out earlier, the wave will be modulated
in space and time when it propagates in a turbulent and nonlinear medium, creating
new components with new frequencies and new wavevectors. It is desirable therefore to
know the moments of the wavefield as a function of wavenumber and the position. To

this end we can derive an hierarchy of coupled partial differential equations containing
different wavenumbers. If the nonlinearity is as follows

€3 = €30/ ] (518)

where ¢35 is a small constant, E, the total wavefield resulting from the full range of
wavenumbers, can now be more generally expressed as

P

E= Z u, exp(ik,z)

p=1
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where u, are all the components of the wave with different wavenumbers. P is the
number of all possible components of the wave. We then have, for the case (515), the
following hierarchy of coupled partial differential equations for the moments:

. m P
1
~ g0 {Z k; (Z F(m+1)(n+1)(p,-,qj))

i=1 p,g=1
n P
-y K (E F(m+1)(n+1)(p1’q1)>] (52)
=1 p,g=1

where

m n
F(m+1)(n+1)(pi)Qi) = <up(z’pi)u;(z’ P;) H “j(z»Pj)HUT(ZaP1)> .
j=1

=1

When, on the other hand, the nonlinearity of the random medium has an exponential
form, as described by equation (14), for & = 1

€3(w, |E]) = ego[1 — exp(=| E}*)] (14)

we arrive at the following hierarchy:

7] o= 82 ZAR
Ermn = 5 Z ":L - k_i an anrmn
j=1 "I =1
i m =) (_1),._1 P
- §€3°[Ekf<z 2 F(m+r)(,,+r)(p,-,qj)>
ji=1 r=1 p.g=1
n oo (_1),._1 P
- Zk;<z 7! Z I-‘(m-f-r)(n+r)(pl’QI))] (53)
I=1 r=1 pg=1
where

m n
F(m+r)(n+r)(pivqi) = <u;(z?pi)u;r(z)pi) H uj(z7pj) Hul‘(zi pl)> :
J

=1 =1

It is clear that all the sets of equations (52) and (53) form chains. They cannot
be solved for T',,,, as they stand, since Lims1)in+1) Timt2)(nt2) €tc are unknown.
Additional information is required before the chains can be established. We shall
discuss this in the following section.
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3. An approximate method for solving the hierarchy of the moment equa-
tions

There is at present no exact solution for the hierarchy of the moment equations.
However, an approximate solution can be found if additional information can be in-
troduced, as we now demonstrate by showing how equation (52) can be solved using
a perturbation method.

In deriving the hierarchies (52) and (53), we have assumed that the nonlinearity is
weak. In which case we treat €55, which €55 << ¢;, as a small parameter, and assume
that T' . can be considered as perturbation series, i.e.

=T 4, TU) 4 2 13 4.
= Z esOF(' (54)

where T}, is the rth-order term of the wave moment. By substituting (54) into (52)
and equating the terms containing the same order of €5;, we have

8 R Vi
=1 iI=1 ]
d N LNV .
'8_2'1177:?1 = 5 Zk—J_ _ﬁ Fsr:) anFSnn
Li=1 7 =1 _j

. m P
1
—5 |22k (Z et D1 quz))

*Zkf (Z Fg:n+l1) Yn+1) PI»‘I:))] forr > 1. (56)

A

We recognise T9) as the linear part of T', .., and 7} are all the nonlinear parts for
r > 1. The hierarchy of coupled partial differential equations has then been decoupled,
allowing the solution to be found. Using the solutions found earlier for equation (55)
[7-9], we have the moment of wave at a point

Fggzz(zapla'ypm)pllv'vpn Z n) Z Py 1pmvp1, 7pn) (57)

where
i m+4n
0
Tz, 01 s P O ) = (—U”‘(ﬁ)
< I1&;
=1

X exp<

/ an(oaply :Pmyp,l;',ﬂ.;)

kJ( Zk’ oL )Hdﬁdeﬁf (58)

'[\13 n:j:

J

I
—
AN
1}
—
—
1}
—



2892 Z S Wang and D A Bryant

and
i m+n m n 2z o0 1 m+n
m !
r;,(,pn)(zyppupm,P’u',P:;):_(_1) (5;) Hlkjl lkll/‘; dz —oo(z—zl)
J= =
X an(p-l’ ’p.mwﬁll) lﬁ;)rl(p_l)(z pl» apmvpll’ apn)
m ( p ) m n
__L_J_ db d
><exp<jz:1 ik; 2= ) H pJI 1
forp>1 (59)
and from the initial condition
Trn(0, 61, Brms B, -5 Br) = [ w(0, ;) [T w (0, 8)). (60)
i=1 =1
Then the solution of equation (56) is as follows:
r(n’;zm(zyplv'apmvplla'vp/n)=Zr%f)(zypla‘apm’p’],a')p;) T'Z 1 (61)

p=0

where

Pg;;?)(zypla 'ypmaplh ,p:-;)

- <1)’"(2#)m+"flkfﬁkf/{dz’/.i(zizl)w

j=1 I=1
i m P
D) ij (Z I‘(m+1)(n+1) p,,q,))
j= p,g=1

m n
xexp(Z kJ—Q—ZL_sz— Zk; 2plz—z )I:I Edﬁf (62)

“Z’“' (Z (i D(t1) Pl’q!))]}

and

FS;;?)(Z,PU Yy pm’plls )p;)

() e o [ ()

an(p.la"ﬁm)ply )pn)r\(mr,r?—l)( pr',Pm,Pp )ﬁn)

(p; =6 &
xexp(ZIkJ—%z—)-—Zl ,2(2 );[Ild ]Hd

j=1 =1
forp>1 (63)

and the FE:+-11))(n+1)(ﬁh q;) is defined as in (52) but at positions having two-dimensional

radii as §;, §; etc. Therefore we can obtain the solutions for equations (55), (56) by

starting with the solution of the linear m-nth moment equation to get the high order
terms of the solution.
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4. Summary and discussion

We have derived the functional equation (42) for the characteristic functional of the
wavefield, for an initially monochromatic wave propagating through a turbulent and
nonlinear plasma. It conveys all the information about the wave. However, there are
at present no general methods of solving equations in functional derivatives. Therefore
we have developed a technique to derive a hierarchy of equations for the moments of
the wavefield. It is general and does not assume any particular form of the random
distribution. We have examined two cases of nonlinearity; one quadratic and one
exponential for €5(E). It is well known that the quadratic nonlinearity for ¢,, leading
to cubic nonlinear equation, is equivalent to the four-wave resonant interaction process;
and the exponential nonlinearity includes all wave resonant interactions [16]. The
hierarchy of moment equations was solved using a perturbation method.

It is worth noting that the structure of the hierarchy of the coupled moment
equations of a wave in a turbulent and nonlinear medium is similar to the structure
of the hierarchy of the Vlasov cumulent for weak turbulence [20], and to the BBGKY
hierarchy of equations in statistical mechanics {21]. This actually shows that there
are features shared by different stochastic processes. This point will be pursued in a
future work.

There are various applications. The first moment of the wave describes the average
evolution of a nonlinear wave propagating in a turbulent plasma. The second moment
of the wave at the same point yields the spatial variation in intensity. The fourth
moment could be used to study scintillation in a turbulent and nonlinear plasma. The
moments can also be contructed to study pulse broadening in time and in space, and
time delays between signals, etc [8].

We conclude with an example outlining one way in which our results could be used.
For this we consider the important problem of long distance propagation of laser ra-
diation in turbulent space plasmas. It is well known that when a strong enough
electromagnetic wave propagates in a plasma, it produces density perturbations and
excites low-frequency waves, the Stokes electromagnetic wave and the anti-Stokes elec-
tromagnetic wave [22]. The nonlinear process is one of four-wave nonlinear coupling
and can be described by the cubic nonlinear equation. For this we have to assess
the combined effects of plasma turbulence and the nonlinear interaction of the light
with the plasma. The spatial broadening of a beam due to turbulence can reduce
the self-induced effects of waves; and, in turn, nonlinearities in the medium can alter
the nature of the interaction between the beam and turbulent inhomogeneities, as a
result both of the formation of a wave-guiding channel in the medium and due to the
randomisation of the medium in the field of a randomly modulated large-amplitude

wave. To evaluate the broadening of a beam, we need to evaluate the mean square
beam radius (p?), defined as [23]:

_ ffooo p’Ty1(z, p)dp
ffooo 1-‘11(‘2» P)dP

(p?) (64)

Once I'y, is known we can readily calculate (p?). We shall assume that the initial field
distribution has a Gaussian form

() = exp| - 2 - 2] (65)
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representing a beam with an initial characteristic diameter D and radius of curvature
F. For this distribution the initial I';;(z = 0, p, p') is, from (60)

2
Fh(z=0,pp)= exp[— %p—)]- (66)

If the refractive index irregularities in the medium are isotropic and have a Gaus-
sian autocorrelation function, the transverse autocorrelation function is

1 (P — p})°
A(ai—a';-) = Ek—gexp[— - (67)
where L is the characteristic length of the turbulence.
Therefore we have
1 2 (=P 1
Fulon) = 35 = T ewe| - 2L |+ (68)

The second moment is composed of the parts due to linear effects and nonlinear
effects. The part due to linear effects is given by (57). It can be written as

(0)(2 p) EF(P) (69)

By putting (66) in (58) and (68) in (59), we have

1 o 2 2+ /2
F/I(lo)(z’p)= __(27”:) ko k| [_wexP[_%ip_l)]

L o=p)? L (p=p)
X exp(xlc1 2z1 — ik} 221 dp,dp] (70)
and
(p) i\ ’ (1Y
R ' ’
Iz p) = <2r> klkl/o dz /_m<z—z’>
1 (er=p1)?] . 1 e
R R A U
(e=p) .. (p=p)?
X exp(xk 20— ) — ik} 2= dp,dp} p>1. (71)

The part of the second moment due to nonlinear effects can be obtained from (61).
For this example we neglect moments higher than fourth order, cutting off the chain

there. The first-order nonlinear contribution to the second moment can be written,
from (61), as

r{(z,p) = }:r“")(z P) (72)
p=0
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where, following (62

)
[0z, 0) = ~ (o= o (e [T
1 ' 27 LR A —eo \ 2 — 2

i
X173 [’% (Z Fzz)(z P1aP1’Pl»Pl))
p

q=1
4
0
-k (E F(zz)(f:’,pl,ﬂ’up’pp’l)ﬂ}
P

. (p=py)? (p—p
X exp 1k1 2(2—:?) l]c’l 2( 1)) dpldpl

1 2 (py = p1)? 1 (lyp Vs /
x{k% klkll exp[ L2 + k,12 F (Z )plapl)

Similarly, I‘gg)(p,q) in (73) can be found using (57), (58) and (59), to be

[e e}
0
T$(2, Py, P2 Py, P3) = S T2z, 4, P2, B}, £h)
p=0

where
0) i)’ =
1 - -~ -~ -
Loy’ (2, Py, P2, P11 PY) =( ) k1k2kllkl2/ Fzz(O)PuPzaP’laplz)
o0

z

3

"l

2
x exp(Z ik, ———— - Z k’ )dpldpzdpldp2

=1

[

and
r'(P)(Z //:___i__4 i [T [T 1 !
22 (2, P1, P2, P1, P3) <2ﬂ_> klkgkleA dz /;oo<z-—z’)
X FyalBy, b2 51, )T ’(z' P1. B2 By )
2
X €Xp j%;]kj'(gfz_—_p;—/))_ g kl%e(l—'ﬂ‘))_>dp1dpzdpldp2
forp>1

The initial 'y, and F,,, from (60) and (51), are as follows:

25} + 52+ A + 5’3)]

r22(01p.1752yp.l1’ﬁ,2) =exp[— D2

2895

(73)

(74)

(75)
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and

F22(51’52’ ﬁllvﬁlz)

2 2 ~ ~ \9 2 2 ~ ~/\D
1 (B; — ) 1 (B, = p1)
DI I e RN L B

j=li=1 3™ j=1
1 (61 — B;)* 21 5, — pl)?
j=1ll=1

Having thus specified F;, Fyy, [11(0, 5y, 1), T22(0, By, £y, £y, §3) for a particular
problem we have demonstrated the method of finding the beam radius (p?) from (64)
for a wave of interest. For the numerical calculation of the high dimensional integrals,
it is necessary to use some results of modern number theory. Such computations are
currently under consideration.
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